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Nuclear Landscape

physics + astronomy

Goal:

* Understand the richness of the
nuclear landscape

* Most nuclel in this landscape are
unstable

* Properties are experimentally
mostly discovered/determined by
nuclear reactions.

» Specifically, unstable nuclei can
not be target material and must be
studied in inverse kinematics.
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Nuclear Landscape

Ab initio
Configuration Interaction
Density Functional Theory

stable nuclei

\

known nucler

Studies of reactions

Aé: ; y i cover the entire
& ‘ﬂ Ll nuclear landscape
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Defining a reaction:

* A nuclear reaction consists of the interaction of two or more nuclei or
nucleons that result in some final product

* Nuclear reactions are governed by the strong force and thus they conserve
baryon number, energy, nuclear charge, linear and angular momentum,

parity.
The modern notation for a reaction is always to put the
lighter of the reactants and products on the inside of a
pair
of brackets, like A(b,c)D, where MA>Mb and MD>Mc ;
phq51c5+astronomq (b.c) —g: OHIO
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Defining a reaction cont’d:

* The initial stuff is known as reactants [projectile and target, in the lab]
* The final stuff is known as the products [recoil and ejectile, in the lab]

» Several sets of products are often possible for a pair
of reactants colliding at a given energy, including
simple scattering.

* The ways of “decaying” from the nucleus briefly
formed by the reaction are usually called channels

physics +astronomy

15t nuclear fusion reaction
observed in the lab

P. Blackett, Proc. R. Soc. A (1925)

Reartants” (incoming stuff) Products’ (outgoing st
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Reminder of the basics: Single channel scattering

General Setup: 2 particles with masses m; and m, move with momenta k, and k,

(kl - kz)

N -

Relative momentum:; p

Total momentum: P=(k, tk,)

Total mass:
1 1 1
Reduced mass: =4
u  my m,
k2 k2 p2 p?
1 2 + P

Hamiltonian for free motion: H, = + =
2mq 2m, 2M 2u

Two body wavefunction: ~ ¥(kq, k,) = ¥(P,p)

UNIVERSITY
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In case of 3 particles: Jacobi coordinates

General Setup
For 3 equal
mass particles
(easier case):

physics + astronomy

3 I - -
m = 5 (ko — kq)
5 Bl o
qq = —{ lfx'] = E (JJQ —+ Jrn'q]l' )
1 1 - =
P2 = E (ks — k1)
5 2o 1 e ”
W = 5 (ko — 3 (ks + k1))
1 e =
p3 = 5 (ki—k)
) e T o
@ = 3 (k3 — 5 (k1 + k2) )
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In case of 3 particles with different masses: Jacobi coordinates

ki ki

pi= pp(———) _ ,
iy E pair (q;, p;), where (i = 1,2, 3)
k; k; + ki

ay = Mjl— ),
mg My -+ mg

where (p;r = p;) 1s the two-body reduced mass of the pair(jk)

Reduced masses:

1 1 1 : = L + !
— = e M; mi  mj 4+ myg
)U-jk mj- mp
e v — my(my + my)
Lig, = —————, REREE T ;
Mk m; +my’ M
Total mass: M =m; +m; +my JetEl Formem: s Z e
2
k:

Free Hamiltonian: 7, — %}~

= 2m;

Sl

= fotg
oM, 2u " oM’
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IF forces depend only on relative momenta (coordinates): ¥ (P,p) = W(P)y(p)

And we can consider the problem only in relative variables.

Introduce momentum eigenstates: | ) normalizedas (7 |p')=0"(p —p)

Simplify for the moment to equal mass situation: m; =m,=m — 2p=m
Assume potential to be energy independent, then
Schrodinger equation for a scattering state lligr)

(Ho+ V) ¥ = E o)

or v — A (H)
(Ho — E) 0§ ~VP
J. Kupsch, W. Sandhas, Commun. Math. Phys. 2, 147 (1966)

[Kupsch-Sandhas Theorem] - OHIO

UNIVERSITY
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Schrodinger equation can be cast into integral form,
the Lippmann-Schwinger (LS) equation:

(+) 1 Pt )
1A — VIV,
) =B g e )

configuration space representation
conjugate variable to p'is T =717 — 79

choose | Z) to be normalized as

(7| 7) = 0%(% — &)

Then the Fourler transform 1s given by

e

B 1
(l' |}7> — [27{)3/2 €

ipa

‘= i OHIO
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The configuration space representation of the free propagator

1
T B de—H;

Go

1S glven as

1 , 1
7 7 = i (T | 7’
<T|E+?E—H0 |l> f{p( ‘mE—F'éE—;_JQ/'f!f.-( |‘L>

~

P 1
- fu'.gp P (E=T) , .
(27)3 E+ie—p?/m
1

i !
EAPUE = S A7 dp p*j —
with p =| & — &' | e v [{] p p”jo(pp) E+ic—pifm

Standard residue techniques lead to

. -
m pt\ﬁ?nE|.It—I|

An | Z—2 |

(T | Go | &) =

phl]SlCS +astron exhibits the outgoing wave behavior from the source point 7’ to 7. : OHIO
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configuration space representation of the LSE

— TR e (+ —
@ vy = P (@)
~ 1 = m s !e\f mE|Z—7'|

= B3y V(2) U (&
(27)3/2 A | E—it | 4 P (&)

Thereby we assumed a local potential

@ V| Ty = 8@ -7) V()

asymptotic form for | ¥ |— oo :

also known as Sommerfeld radiaton condition

with the scattering amplitude f(z) depending on the direction & of observation

f(z) = ??2\/7/ 'y ¢ T 1’(‘)1P+( 10

— uN1vERSITY



Interpret in terms of scattered momentum p=ip

Introduce transition amplitude

@ |t |p)

]

1 T . .
(27;‘)% /d‘)’.r’ e~ P V(') 11’%“(;?")

= @' V| ).

where t is the result of the scattering process and determines all scattering observables

We read off: tp=V | ‘I’?))
1
M (—H Nl I/' (j—)
with | O57) =P+ e w)
follows tlp)y = VI[P +V GV |T;") 1

free propagator Go = ——
= VI|p+V Got|p) ‘ E +ie — Hy

ggp OHIO
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strip off the initial state | p) and get the operator relation
=V 1V Gyl
LS operator equation for the transition amplitude

Simple physical interpretation by iterating

= V + VGV + VGVGV + VGVGVGV + ...

; ; . s 3 ‘ g OHIO
| LS equation contains V iterated to all orders as does the Schrédinger equation. #
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Scattering amplitude and cross section:

Cross section |
ff o A k =+ Z;Lﬁfﬁl
o(0,9) =—=|f(0.9)|" v=p/u="hk/u
Ui

Initial velocity v, = final velocity v; = elastic scattering

Renormalized scattering amplitude

f(6.¢) =

. g ~ 9
;ﬂﬁ@l o(8.¢) = |f (0.p))

UNIVERSITY
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How do we solve the scattering problem in practice?
Choose basis
Option 1: momentum space eigenstates | p)

1

Free propagator Go =
propag " T E+ie—Hy

simple

LS equation +—V +V Gyt  becomes integral equation of Fredholm type

Solve numerically with standard methods

Option 2: coordinate space eigenstates |r)
For local potentials (7 |V [ 7) = *(7 — ') V(«)
2" order differential equation

Solve numerically with standard methods YHIO

4 — UNIVERSITY
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Assume rotationally invariant potential: V(r;-r,) = V(|r;-r,|) =V(1)

— [Hg,L?] = [Hy,L;] = [L2,L;] =0
Assume potential short ranged (i.e. falling off faster than 1/r!*¢

Scattering: initial beam is symmetric around beam axis (m=0)
— scattered wave is also — f(6.0)= f(0)

Solve (Hy +V —E) y (R,6) = 0

p
I R
——

oop OHIO

UNIVERSITY
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Partial wave expansion

: . : . l
Solution of Schrodinger equation: V(R.0) = Z(?_L+ )ikPy cnsH)ﬁ xL(R)

=0

oo
: |
ikz - i/
. v = 2L4+11"P 0)—F;(0,kR
Plane wave: ¢ LE_O( +1)17Pp (cos d) R L( )

el = Z(7L+I)ILPL oS 9)——RRJ .KJ]

incoming outgoing

o at large distances the radial wavefunction should behave as
x;(R) = Ar[H[ (0.kR) @;(0. kR)]
OHIO

partial wave S-matrix element UNIVERSITY

physics.
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Match logarithmic derivative — don’t worry about normalization

oThe matching can be done with the inverse log derivative R,
o any potential will produce R which relates to S,

R _ lx;_(’a) B lu;ﬁ(u)

1 H — SLH;“
L = ’ L — = =
ay;(a) au(a) A

- EHi_ — SLHE_

up(0) =0
u}‘(()) £ ()

UNIVERSITY
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S-matrix and scattering amplitude

o to obtain the scattering amplitude need to sum the partial waves

=Ny l = . =
IR, 8) = Y L+ 1)iEPy(cos )AL, (0. kR)—SyH; (0,kR)]
T L=0

\ elkR

SR, 0) = e f ()

l 00
Relations: (H) = — 2L+1)P s0)(S; — 1
f(0) 2ikE( +1)P(cosB) (S )
=0
do = . 3
o) =—= = ﬂZ:(’-’.LH)P;_(cosH)(SL 4%

L=0

‘= i OHIO
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Phase shifts:

o Each partial wave S-matrix can be equivalently described with a phase shift S; = 2oL

1
di(E) = Eln S; +ngE)w

Levinson’s Theorem §(k =0) — §(k = 00) = npn

o scattering amplitude in terms of phase shifts

f (9) = E§(2L+I]PL(COS 9)6 L'sin §L

o asymptotic form in terms of phase shift
xR — e®L[cos 8y sin(kR—Lm /2) + sin 87 cos(kR—L /2)]

= &L gin(kR + 8; — L7/2).
. — HIO

UNIVERSITY

Phl_lSlCS +dSu ununi Iy




Phase shifts as function of energy:

150 NP &f2A19
= o attractive potentials: delta>0
Y 1 1 "
3 o repulsive potentials: delta<0
gl
"S\D.
L
g
m. T .
. ! NN phase shifts from
1000 T, (MeV 30040
SM16 0-3.0 GEV PP=RIZ7T8/25348 NP:ZZﬁ.\];PZE%E KfA [137] &/ http ://ngaC - phyS .- gwu - edU/
1
, T mam P, o um
L 17.84 T T T
g Ei
= &
al al
b=t by
T T T T _Mey) e P T Mey) e
SM16 0-3.0 GEV PP=50276/25348 NP=2283212938 RAA [147] 5/ SM160-3.0 GEV PP=50276/25348 NP=22832/12938 RAA [147] 5/

g OHIO
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Relation to t-matrix

o the partial wave T-matrix is defined as the amplitude of the outgoing wave

xi¥ (R) = FL(O.kR) + TLH]' (0. kR) S, — 1 +2iT,

o simple relation with the scattering amplitude __

Jit) = %‘;JQL‘FI)PL(COS T,

OHIO

UNIVERSITY
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Useful relations:

Using: ) K T S
x(R) = e®[F cosd+ G sind] T [F+KG] F+THT %[H— — SH™]
—1
T 1
5= b arctan K arctan , —InS
1 +i1T 2i
T 1—S
K= tan 8 K i
“' [+iT 1+s
. K i
T= LESTP) T —(1—S
© s [—iK ;=3
Y | +iK
S = 210 1 +2iT S
© [ —iK +
V=0 § =0 K=0 T=0 S =
V real S real K real 11+ 2iT| =1 S| =1

physics + astronomy

Cambridge University Press
Print publication year:

2009

Online ISBN:
9781139152150

DOI:

https://doi.org/10.1017/CBO9781
139152150

‘= i OHIO
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R i e R —
Integrated cross section and optical theorem

I oo
HOEE™ Y (2L+1)Pr(cos6)(S. — 1)

L=0

oOptical theorem:
total elastic cross section related

g e ] cffbf d0'siné o (0) to zero-angle scattering amplitude
0 0

o use properties of legendre polynomials

=2 j dé sinf|f (9)* . I %
0 FO) =5 ) QLADE™ — 1),
L:

0

OO0
jT 9 ]
=5 Z(2L+l M1 — Sy

L=0 l ('
4z 0 i Imf (0) :I§(2L+l]sm“5L
=72 Z(_ +1)sin- oy, =

L=0 k

xzg wrdllO

UNIVERSITY
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Resonances and phase shifts

Consider:
- Resonance may be characterized by
= rapid change in
O cross section
N E>0 O phase shift
:f\ . AT’*—*ﬁdS(E)/dE
Bound . E<0
States
Consider phase shift for small momenta
tan o p—»0 (+1)— R v(R) (PR)QEH
an Oy > - - _
; (+Ry(R) [1-3-5---(20—1)2 (20+1)
4
Poleat - Ry(R)=—¢ - 1 ;_1 Ry, (r)
|:> tand, — oo, i.e. & = 5 +n7 ep(r) di
physics + astronomy B OHIO

UNIVERSITY



condition occurs for a specific momentum pp at a specific energy Er = pr/2u
Expanding v(R) around Ep gives

-~

\ : d(v.R
ve(R)R =~ -l + (E — ER) (e R) |E—Ep
dF

Inserting and neglecting terms (E-Eg) in numerator

tan I (70

anog =~ _ D riaE  4viaadn
E —Eg 2 [(2¢ — 1)12495)
B R ¢
T BB D

with —2(pR)%H

e — 1R
Breit-Wigner resonance form of the amplitude e

: N I';/2
= e gin §, = ‘E
e T
Breit-Wigner cross section in a specific partial wave partial wave /.
- Am(20+ 1) /4 _. .
Department of tot . . i I J b o
physics + astronomy o = F_ BT e



L Am(2041) r2/4
P (E—EpP+12/4

[

s r,/2
— e gin §, = :
Je=emsine = .7

tand, — oo, i.e. §p = 5 +nm.

Phasc shift 5 (degrees)

K,

BT
Quantum
Mechanics II

§maan e s b et R

— -

Quantum Mechanics Il

b ot s 1]
m————

A Second Course in Quantum Theory

By Rubin H. Landau - 2008

» OHIO
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https://www.google.de/search?sca_esv=fb64c27acdf6db0d&sca_upv=1&hl=en&q=inauthor:%22Rubin+H.+Landau%22&tbm=bks

Physics realization of an “ideal” resonance: A (1232)

Pion nucleon scattering

200 rl T T T | L
Ny p _
I 0.8 P
- ) - e
, l » 11
‘ ().§ r a -
- | A (1232) < 7D
E 100 , . - L \
- | = 04 P
D‘h ' | ’ ] o
) U.2 " l}_ J
aol A ]
6 2 2 f
i} LODO 2000 ReA

E (1) (MeV)

Figure 5.35: Total cross section as a function of pion kinetic energy for the scattering of positive
3 3 A ’ e a7, o
and negative pions from protons. (1 mb = 1 millibarn = 107 em=.)

Usually there is background in addition to the resonant part: §(E) = pg(E) + dres (E)

UNIVERSITY

physics + astronomy



n + o scattering

150 : : .
S, T T T T ——
100 } y |
= J  — 12
§ § 1/2
o) - = 372
8 50} / —_— - 32 eSS ]
m /
= /. -
G 0 AT b ]
!
4]
E
o
-50 |
-100 : g .
E .(MeV, c.m.)

Fig. 3.2. Examples of resonant phase shifts for the J™ = 3/27 channel in low-
energy n—a scattering, with a pole at £ = 0.96 — 10.92/2 MeV. There is only a
hint of a resonance in the phase shifts for the J™ = 1/27 channel. but it does have
a wide resonant pole at 1.9 —i6.1/2 MeV.

» OHIO

UNIVERSITY
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Back to reactions: Types of reactions
Reactions are categorized by the participants and the reaction mechanism

Participants:

The projectile and target are not changed and exit in their ground state: elastic scattering
The projectile and target are not changed and one (or both) is excited: inelastic scattering
A multi-nucleon beam transfers a nucleon (or nucleons) to/from the target: transfer

* A projectile exits as an ejectile, taking one or more nucleons with it: pick-up

* A projectile exits as an ejectile, loosing one or more nucleons in the process: knock-out
* A beam comes in and only one y comes out : radiative capture

« Ay comes in and one or few particles come out: photodisintegration

Mechanism:

Few nucleons take part in the reaction (e.g. transfer): direct
Projectile and target briefly fuse, forming a loosely bound state: resonant
Projectile and target briefly fuse, sharing energy among all nucleons: statistical

" i O H I O

UNIVERSITY
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Classification by Outcome:

. Elastic scattering:

projectile and target stay in their g.s.

. Inelastic scattering:

projectile or target left in excited state

Transfer reaction:
1 or more nucleons moved to the other nucleus

Fragmentation/Breakup/Knockout:
3 or more nuclei/nucleons in the final state

. Charge Exchange:

A is constant but Z (charge) varies, e.g. by pion exchange

Multistep Processes:
intermediate steps can be any of the above
(‘virtual’ rather than ‘real’)

o OHIO

UNIVERSITY



Classification by Outcome cont’d

7. Deep inelastic collisions:
Highly excited states produced

8. Fusion:
Nuclei stick together

9. Fusion-evaporation:
fusion followed by particle-evaporation and/or gamma
emission

10. Fusion-fission:
fusion followed by fission

The first 6 processes are Direct Reactions (D)
The last 3 processes give a Compound Nucleus (CN).

o OHIO

UNIVERSITY
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Compound and Direct Reactions

When two nuclei collide there are two types of reactions:

1. Nuclei can coalesce to form highly excited Compound
nucleus (CN) that lives for relatively long time.
Long lifetime sufficient for excitation energy to be shared by
all nucleons. If sufficient energy localised on one or more
nucleons (usually neutrons) they can escape and CN decays.
Independence hypothesis: CN lives long enough that it loses
its memory of how it was formed. So probability of various
decay modes independent of entrance channel.

2. Nuclei make ‘glancing’ contact and separate immediately, said
to undergo Direct reactions(DlI).
Projectile may lose some energy, or have one or more nucleons
transferred to or from it.

phq51c5+a5tronomq M G

i OHIO
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“Location” of Reactions:

CN reactions at small impact parameter,

DI reactions at surface & large impact parameter.

CN reaction involves the whole nucleus.

DI reaction usually occurs on the surface of the nucleus. This leads
to diffraction effects.

Duration of reactions:

A typical nucleon orbits within a nucleus with a period of ~ 10722
sec. [as K.E. ~ 20 MeV].

If reaction complete within this time scale or less then no time for
distribution of projectile energy around target = DI reaction
occurred. CN reactions require > 10722 sec.

o OHIO

UNIVERSITY
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Classification of Reactions:

l l | |5.5 o
' Fe (n,n")
5 |
) |
|
5 |
- 05 +— |
] |
m 5
7]
g L
(&
0 | ™ | | | T b
0 1 2 3 - 4 5 2] 7 8

NEUTRON ENERGY (MeV)
{b)

physics +astronomy
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Angular Distributions:

Direct reactions (ID):
Forward peaked (large b)

Compound reactions (NC):

Distribution is generally
isotropic (except for heavy
ion collision where L large)

physics +astronomy

104

" doldD (mblsp)

102

102

10
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 *Mglp,p)2SMg
 Ep = 6Mev

vl el
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Statistical Reactions: Semiclassical Picture

» Consider the case where a projectile fuses with the target, sharing its energy amonst
many nuleons in the nucleus, like a billard ball entering a well and causing several
others to rattle around.

* The nucleon energies will be distributed statistically and they will scatter with each
other until one nucleon happens to pick up sufficient energy to escape the nucleus.

» Adopting this qualitative picture, we expect

* The de-excitation of the compound nucleus is akin to evaporation, meaning the ejectile
energy distribution should have a Maxwell-Boltzmann character

* The multiple collisions occuring with the nucleus erases any signature left by the initial
reaction, so

* The ejectiles should be isotropic (in the c.m. frame, since momentum still has to be
conserved)

* The de-excitation characteristics for a given compound nucleus excited state energy
should not depend on how the compound nucleus was created

" i O H I O

UNIVERSITY
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Independence Hypothesis:

* This statistical reaction picture
implies that the compound nucleus
forgets how it was formed,
so the decay properties depend only
on the compound nucleus itself

®Ni(a pn)*Cu

08 f
®Ni(a,n)*zn
*This is confirmed by decay spectra

for nuclei populated by various
channels

o
o

*The key implication here is that
compound nucleus formation and
decay probabilities are separated

<
~
1

Cross section (b)

0.2 r
*One key result which follows is that

other probes, e.g. B-decay, can be _M
used to determine key properties = : - : - N
heeded to understand much harder Energies E, = E,+ 7 (MeV)

to measure reactions, e.g. (p,y)

60 —52._
+ Ni(a,2n) " Zn

physics +astronomy
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Hauser-Feshbhach Formalism:

* The semi-classical picture of nucleons rattling around in the nucleus i
sampling many configurations until one configuration occurs in which the
compound nucleus can de-excite by evaporation corresponds to the case

nnnnnn

of many nearby resonances ]

* Anyhow, if you don’t buy this, it’s true that the characteristics of statistical U §
nuclear reactions "
are seen for reactions where high level-density regions are populated in 1 =

the compound nucleus ——

* In this picture, many resonances are closely spaced and the projectile will
experience an interaction that’s the statistical average of said resonances .

* Note that Hauser-Feshbach (HF) assumes the level spacing D > T.

It is frequently misstated that HF assumes overlapping resonances (I' >> D),
but this is not the case.

physics +astronomy
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This HF business sounds like a lot of busy work,
how should I actually do these calculations?

8

* Generally speaking, your best bet is to use
open-source tools

8

% Difference to <ovs,,,
o
j g,
o -‘.;:"-
i o -
o

* Many options are available, each with their
own strengths, weaknesses, and assumptions.

CIGAR (rms - 0.48)
. SAPPHIFE (rms - 0.40} =

8
g_
Z

80 100 120
* Unfortunately many under-the-hood assumptions e Tt
lead to disagreements up to a factor of a few for TR
what looks like the same inputs chosen by the user. TALYS-1.5'¢ ,1,{,

A nielear wactian progrm

* At present, the most popular, best documented,
easiest to use, and likely most tested HF code
on the market is Talys,
though another front-runner is EMPIRE

EMPIRE-II

* M. Herman (BNL), co-ordinator
+ R. Capote (IAEA)

* P, Oblozinsky (BNL)

* A Trkov (IAEA)

* If you use these, remember GI-GO :
(Garbage In, Garbage Out) Ui Mo

Talys:  https://nds.iaea.org/talys/
Empire-II: https://www-nds.iaea.org/empire218/

physics +astronomy t-g OHIO

UNIVERSITY
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